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ABSTRACT OF THESIS 

SECONDARY EMISSION EFFECTS IN ION BEAMS 

17747 
There  are many reasons to  believe that e lec t r ic  propulsion 

is the most suitable way, known at  the present  t i m e ,  of thrusting 

rockets  for very long t r ips  in space.  In the las t  few y e a r s ,  many 

r e s e a r c h  works have been conducted on the explanation of phenomena 

occuring in ,  and the design of ,  e lectrostat ic  t h u s t o r s  

In one of these  r e sea rch  works ,  it was  found that the power 

of an ion-beam engine,  when an electron source  i s  introduced into 

i t ,  increases  remarkably in regard  t o  the expected values.  This 

could have been due t o  a meaningful space charge compensation of 

the ion beam by secondary emission. This r e s e a r c h  w o r k  attempts 

to  verify this  explanation of the phenomenon. 

This thes i s  is based on existing publications that deal  with 

the solution of ambipolar space-charge problems.  

The resu l t  of the  analytical t reatment  of the proposed model 

shows that the unexpected power increase could have hardly been 

due solely to  the space-charge compensation. 

Car los  Marazzi  
Elec t r ica l  Engineering Department 
Colorado St,ate University 
November,  1964 
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INTRODUCTION 

1 
Sandborn and Baldwin [ 1 1  found (during experimentations 

with a focused ion-beam-thrustor) that the ion-beam-power inc reases  

remarkably by introducing , close to  the ion-emit ter  , an electron- 

source .  

pected values.  

This  increase  in  beam power is many t imes  over the ex- 

The first par t  of this thesis  gives an outline of thoughts 

developed during prel iminary study of a possible model which might 

explain the increase  of power in the ion-beam-thrustor .  

The second par t  deals with the analytical solution of a proposed 

model and the evaluation of special  cases. 

digital computer ,  of the potential distribution between infinite paral le l  

The  evaluation, using a 

plates with space-charges and space-charge-free zones is given in 

an appendix. 

BACKGROUND OF THE PROBLEM 

An exact mathematical  description of the current  increase  

when two different "charge c a r r i e r s ' '  are flowing in the same space  

and in opposite directions is given in Ref. [2]  and [3] .  P a p e r  [ 2 ]  by 

I. Langmuir f rom the year  1929 descr ibes :  e lec t r ic  f ie ld ,  potential, 

and space-charge distributions. 

F o r  bracketed re ferences  , see  Annotated Bibliography on page 1 8 .  
1 
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MGller- Lubeck [ 31 makes a rigorously mathematical  analysis 

using the s a m e  model as I. Langmuir. Both consider the ideal  ca se  

of paral le l  plane sur faces  f o r  the electrodes and ze ro  initial velocity 

of the ' 'charge c a r r i e r s " .  The electr ic  field is ze ro  at the sur faces .  

These works and others  on the subject have concluded that cur ren t  

density increases  of about 1.86 t i m e s ,  with respec t  t o  the c a s e  of 

the unipolar flow are possible. This density increase  occurs  when: 

where: 

m and m are the masses  of the ions and electrons; 

J and J are the current densit ies;  

P e 

P e 

that i s ,  when both space  charges are of equal number.  

the observed increase  of current  in the ion-beam-thrustor [ 11, w a s  

up to  25 t imes  g rea t e r  than without the electron source .  

However, 

In this  ca se  [ l ] ,  the electron-source w a s  a thoriated tungsten 

wire  ring of 1.43 c m  (0.57 inch) diameter  heated to  about 1370% 

The accelerating potentials used during the experimentation w e r e  

f r o m  2 to  5 kV,  and the focusing used w a s  a P ie rce  acce lera tor  

sys t em.  This focusing system as sumes  a very  thin beam,  s o  that in 

the aper ture  of the accelerator  the potential surface should approxi- 

mate  a plane. In the case  of the th rus to r ,  the aper ture  w a s  2.05 c m  
T 

L 
( 0 . 8 3  inch),  and the ra t ios  - (D stands for the diameter  of the beam D 
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and L for  the distance between the acce lera tors )  

were  between 0 .6  and 1.4. These low values for 

that were  used,  

L - cause the beam 
D 

to s p r e a d ,  s o  that the potential surface in the a c c e l e r a t o r ' s  aper ture  

is no longer a plane,  and as a consequence the e lec t r ic  field is non- 

homogeneous. 

the non-homogeneity is shown. 

In [ l ]  (Fig. 13 and 14) the amount of power lost  by 

THE MECHANISM OF THE PHENOMENA 

There  a r e  various theories with respect  to this  phenomenon. 

One possible mechanism is that the electrons arr iving to  the ion- 

emi t te r  with high energy produce a la rge  number of secondary elec-  

t rons .  

charge in the s a m e  place o r  near the i o n ' s  "virtual cathode". T h e  

potential and the field distributions will be modified, thus reducing 

the space  charge and a grea te r  number of ions can leave the i o n ' s  

vir tual  cathode 

These secondary electrons should c rea t e  a negative-space 

In the c a s e  here  considered the bipolar space  charge is created 

by two sources  

other is the secondary emission of electrons produced by p r imary  

electrons with high energy coming f rom an electron-emit ter  . 

One is an ion-emitter in an accelerating field. The 

SPACE CHARGE DISTRIBUTION IN THE CASE TO BE CONSIDERED 

Figure  1 shows the system composed of an ion-emitter and 

The ions a r e  emitted with an  init ial  velocity an electron-emit ter .  



, E lec! ion 
I emitter 
I 
I 

1- 

Col lector 

FIG. I PROPOSED M O K L  WITH AN tON-EMITTER AND 
AN ELECTRON- EMITTER 

i X  
d *  d 

- 

FIG. 2 Slr(rlPLIF1ED MODEL 
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positive charges .  

and therefore  the space charge has a maximum value. 

# o and crea te  in the neighborhood of the emi t te r  a cloud of 
PO 

In this  cloud the ions have ze ro  uniform velocity 

The electrons are emitted a l so  with an  init ial  velocity V # o 

and are accelerated in a high potential f ield,  making a very sma l l  con- 

tribution to  the space charge near the ion-emit ter .  

eo 

The electrons arriving at the ion-emit ter  with high energy pro-  

duce secondary electrons with energies  between 2 to  20 volts.  

secondary electrons are in a retarding field and af ter  losing their  

kinetic energy fall back t o  the ion-emitter and probably cause t e r t i a ry  

electrons.  

emi t te r  which reduces the space charge-limitation of the ions. F igure  

1 shows a l so  the approximate space charge distribution. 

These 

In this  way a negative space charge is created near  the 

To  study the pr3blem of the  ion cur ren t  increase  due to  the  

effect of the nega:ive space-charges only the space between d 

d* is considered, This  is done because the space between x = o and 

x = d 

have velocities between the thermal  initial velocity V and ze ro  

at  d The space  between d* and d is mainly influenced by the 

accelerating ions and the secondary electrons e Because the p r imary  

electron source  wi l l  give a secondary contribution only and may not 

be  paral le l  t o  the ion beam,  it is not considered in the study of ion 

cur ren t  increase .  The resul t  of these  simplifications is the model 

and 
0 

is influenced mainly by the ions space charge ,  where the ions 
0 

PO 

0 
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shown in Figure 2 .  The secondary electron-space charge has  a finite 

value at the surface of the emit ter  given by the initial velocities of the 

e lec t rons ,  and it increases  in almost hyperbolic form until the point 

d*. At d* the electrons lose their  kinetic energy and the space  

charge reaches  a maximum. Therefore ,  with r ega rd  to  the space 

charge effects ,  the electron current going f rom the emi t te r  t o  d*, 

and the one comiag back to the emi t t e r ,  can be considered as twice 

the current  flowing f rom d* to the emi t te r .  The electrons have ze ro  

initial velocity at d’k and a finite ve locity V at the emi t te r .  
eo 

F o r  the space between x = o and x = d’k , the problem is s i m -  

ilar to  the one explained in [ Z ]  and [ 3 ] .  

a r e :  the distance between “plates” is not constant and a decrease  

of the distance can give a further increase of the cur ren t ;  and the 

r a t io  of space  charges is a function of the pr imary  electron cu r ren t ,  

which can be controlled by the temperature  of the electron emi t t e r .  

The  main differences 

The location where the electrons have ze ro  velocity and turn  

back to  the emi t te r  w i l l  always be beyond the main positive space 

charge region,  because as long as the electrons a r e  moving in the 

positive space  charge they do not s e e  a meaningful re tarding potential. 

The re  is no possibility that the maximum of the negative charge can 

be at the same  location as the positive charge.  

be  a location where the negative space charge has a maximum,  be-  

cause the re  is a location where the electrons have ze ro  velocity and 

However, t he re  must  
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fall back to the emi t te r .  Thus a par t ia l  "neutralization" of the positive 

space charge takes  place.  

Assuming the absence of electrons and ze ro  initial velocity f o r  

the ions ,  the ion cur ren t  density [SI is given by 

where J = ion cur ren t  density in A/cmZ; 
P O  

d = distance between emi t te r  and point where the potential 

is VA' 

e = charge of each  ion. (It is considered of the same  abso- 

lute value as the chdrge of an e lec t ron ,  because it is 

assumed that there  is single ionization only.) 

POISSON'S EQUATION FOR TWO DIFFERENT SPACE CHARGES 

FLOWING IN THE SAME DIRECTION 

- 

T o  find the ion current  increase  due t o  presence  of secondary 

electrons at the ion-emit ter '  s su r face ,  we solve the P o i s s o n ' s  

equation for the simplified model explained above. 

Here we make  use again of F igure  2. In this  c a s e  the ions are 

in an accelerating f ie ld  and the electrons in a retarding field. 

the energy equations a r e  

Thus 

1 - m  v ' = e v  
2 P P  
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m 
P P 

v -  
e e o  m e 

The general  expression of P o i s s o n ' s  equation is: 

C P  = P p  - Pe 

d2V - 1 
'2 ( P e  - Pp) - -  

E 
0 

and in terms of the  cu r ren t  densi t ies  and velocit ies 

J J d2V -(< 1 -e) 
0 

d x z =  E (9) 

defining : 

/m 1 

e 
a 

substituting into equation (1 0):  
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and using equation (1) , we find: 

I, 

F o r  the space  between x = 0 and x = dx:, integrating according to: 

( 15) 2 d s  

we integrate twice as follows: 

t o  integrate  with l imi t s  between 0 and 1 we change the var iable  

and thus:  

Integrating again: 

1 3 
a 4 where h(y ,  - )  is '- of the right s ide  integral .  This  integral  w a s  

solved for  a s imi l a r  c a s e  in [ 3 ] .  

Solving now for the space  between d:: and d ,  (a = a), equation (14) 

bec  om e s  : 
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The f i rs t  integration gives 

(ti; = 
J p 2y1l2+ c 

P O  

The evaluation of C can be obtained f rom equation (16) af ter  inte- 

grating for s = s:%, that is: 

1 r 

112 1 8 d p  c = -2y* - - -  
a 9 J  

P O  

Substituting in equation (22) and integrating again: 

(25) 

where R , y:K, can be solved substituting: y = tZ .  I a 

t dt 
4 

3 

Solving for the case  a = 1 ,  the expression for R (y*, 1) becomes 



11 

a = 1 ,  stands for  equal amount of space charges in the space  between 

qz x = o and x = d** F o r  the case of cesium atoms the value o 

is about 500 (see footnote 2 ) .  

Therefore ,  an electron current  density 500 t imes  the  ion 

cur ren t  densi ty ,  is necessary t o  approach the value a = 1. 

have two equations, (20) and (26) with the  unknown s*. 

equation (20)  in (26) we  obtain: 

Thus ,  we  

Substituting 

The value of h( 1 , l )  w a s  evaluated in [2] and [3] and is 1.36134. 

Equation (30) becomes: 

- 28 
Electron mass :  m = 9.11 x 10 g 

Cs - ion mass: m = (Z + N)1837 m 

2 
e 

P e 

J 
e 
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EVALUATIONOF J /J 
D D O  

The function (J /J ) 
P PO 

a = 1. This case  represents  

= f(y”) was evaluated for  the case  of 

a ve ry  large electron space -charge.  

Table I shows the program and the r e su l t s  obtained. 

Figure 3 shows that the cur ren t  density increase  as a function 

of the dimensionless kinetic energy of the secondary electrons 

y’k = U’ic/V A maximal  current increase of 4 .5725 is obtained when 

the secondary electrons have a kinetic energy of 0 .60  with respec t  t o  

the applied acceleration potential. 

A‘ 
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CONCLUSION 

The problem considered herein d i f fe rs  f rom that considered 

by Langmuir [2] in two respects:  f i r s t ,  t he re  is as many electrons 

as ions present,  while Langmuir is considering an  electron r i c h  

sys tem only; second,  the present analysis is concerned with the 

acceleration of ions r a the r  than electrons.  

F r o m  the model adopted for  this  analysis ,  and i t s  evaluation, 

it s e e m s  improbable that the large amount of power observed a t  the 

output of the ion beam-thrustor [ 11 is due only t o  the effect of space  

charge comperisation by the secondary emission.  

It is possible that the observed phenomena could have been 

helped by a second production of ions in the space  between the ion- 

emi t te r  and the acce lera tor  system. T h i s ,  of cour se ,  could only 

happen i f  enough molecular cesium flows out of the cesium boiler 

without being ioni-zed while crossing the porous tungsten. If this  was 

the case ,  the large current  increase might have been due t o  collision 

ionization of the free cesium molecules by the  p r imary  electrons.  

The electrons were  emitted in  a high accelerating potential f ield,  

sufficient t o  ionize the neutral  ces ium.  

Another supporting argu-ment for this assumption is the im-  

pingement effect observed (see Fig. 13 in [ l ] ) .  

of the outside ions of the beam with the a c c e l e r a t o r ' s  edge could 

cause secondary emission.  

The impingement 

These secondary electrons find a high 
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potential accelerating field toward the ion-emitter and thus possibly 

collide with neutral  cesium atoms in their  t ra jec tory  to the ion- 

emi t te r .  

a tor  s y s t e m ,  the ionized atoms are not forced t o  c r o s s  the space 

charge limitation zone resulting in a fur ther  increase  of ions cur ren t .  

Recently,  a paper by Walton L. Howes (Lewis Resea rch  

Because that can occur in any place inside of the acce le r -  

Center  , Cleveland, Ohio , NASA Technical Note , NASA T N  D-2425 , 

of August , 1964,  was  published showing that the current  increase in 

a space with ambipolar charges can be 25 t imes  g r e a t e r ,  i f  the initial 

kinetic energy of the charges  is about 5 t imes  i t s  potential energy.  

Since these initial conditions appear inconsistent with the  observed 

phenomenon no consideration was given to  it 
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METHODS FOR CALCTJLATING - ELECTRIC FlELDS CONTAINING 

SPACE-CHARGE AND SPACE-CHARGE-FR,EE ZONES 

T o  obtain the potential distribution in a space-charge field 

between two infinite para l le l  plates it is necessary  to  solve P o i s s o n ' s  

equation in only one dimension [4]: 

d2U _ _  'i 
J - - -  

0 
dx- E 

is a function of U ,  such that 
'i 

d2U 1 
dx2 = -  cl$T- 

where C is a constant f o r  a given case .  1 

The use of a digital computer simplifies considerably the work 

necessary  to  find the potential dis t r ibut ion,  and increases  the 

accuracy ,  

1 6 2 0 ,  using the language For t ran  TI, 

plates containing space-charge and space-charge-free zones 

This  problem w a s  solved with a digital computer ,  IRM 

Figur e 4 shows two paral le l  

The 

two horizontal l ines represent  the paral le l  plates  e It is assumed 

that they a r e  infinite t o  the left and to  the right.  An ion beam goes 

f rom the ze ro  potential plat,e t o  the -100 volt plate ,  only at the center  

of the  sys t em.  Thus in this  2rea p. will  be  different f rom z e r o  [4]. 

Equation ( 3 )  gives the function of p .  

1 

1 

( 3 )  



1' 
I' 
I 
1 
1 
I 
1 
I 
D 
1. 
1 
I 
1 
I 
I 
I 
I 
I 
I 

L 

IL 
0 

d- 
ei 
G 



24 

where: J is the cur ren t  density, m is the  ion m a s s ,  and e is the 

is equal to  
P i  

ions charge.  On t h e  left and right, s ide of the beam,  

ze ro ,  

An iterative method was used to  calculate the potential l ines .  

The function t o  be computed is equation (4) 

improvement formula of Po i s son ' s  equation ( [ 6 ]  page 317 and 318), 

The field is defined by a net of points as sh3wn in F igure  4. 

It is t e rmed  the Liebmann 

Each  of the points I S  a location in the p rogram,  and the values of the 

points are their  cwresponding potentials. By averaging the four ad- 

jacent potentials as shown in equation (4): 

the new value wi l l  be obtained for the point under consideration. 

subindices 

of Figure 4 ,  The  subindices J r e f e r  t o  the T O W S ,  

The  

i in equation (4) re fer  to  the columns of points in the  net 

At infinity in both direct ions,  left and r igh t ,  the pQtential 

gradient is constant To  simulate this  si tuation, fixed potentials wi l l  

be assigned with a constant, gradient t o  the left-most and right-most 

column of the net ,  This is only an  approximation, because the con- 

stant gradient is vexy far from the space-charge zone, The e r r o r  

of this  approximation can be reduced by setting the constant gradient 

f a r t h e r  f r o m  the space-charge zone as in the case  of Figure 4. 

i terat ive method used here  is fully justified as follows: 

The 
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P o i s s o n ' s  equation for a two dimensional field IS 

Using increments  f o r  the f i rs t  der ivat ive,  it will be obtained ( [ 6 ] ,  [ T I ) :  

U - U  
-- a u -  ( 2  -e A z ,  Y) ( z ,  y) 
dZ L I Z  

for the second derivative: 

- U  C U  
( z  -+ Q z ,  y)-"(z + A z ~  y) a2U - '(z f ~ A z ,  y)  ( z , y >  *- 

o r :  

and hence: 

- AY) 
+u 

-2LT(z, Y> (z, y 
u a2u - ( 2 ,  y + BY) 

?yL= 

, substituting i n  1 
By taking the increments  

equation (15) and calling z = i ,  and y = j , the following is obtained: 

This  equation can be writ ten i n  the fo rm of equation (4) with only the 

difference of 1 1 ~ ~ ~  T h i s  factor affects the accuracy of the  method. 

In the case  of a net formed by 10 x 10 points: 

1 - - -  1 
i? 100 - 

Equation (4) is used he re  to obtain a field described by equation (1).  

This  is the case  where a space charge is created by an  emiss ion ,  

and the potential function follows a "413 power l aw"  given by 
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equation (5) 
4/13 

u X = uo (2) 
It is assumed in equatdnns (1) and (5) that the initial velocity of the 

ions is z e r o ,  however this is not the real case .  

(I) THE PROGRAM 

Table I1 shows the source p rogram,  the da ta ,  and the resu l t s  

of the processing of the condensed program. 

F igure  5 sh9,ws the flow chart  used f o r  this  program.  The 

program s t a r t s  by setting the boundary values of 100 f o r  the upper 

p la te ,  ze ro  fo r  the 19wer , and the constant, gradient values at, all 

p laces ,  This is the case of Laplace ' s  equation. The accelerating 

potential for ions is negative and the upper plate s h ~ u l d  be -100, but 

this  change of sign can be made in the r e su l t s ,  The ar i thmetic  oper- 

ation t o  be evaluazed is given by equa!at,lm (4) ,  qr tr> calcu]at,ing 

any potential LT 

decision-statements in  o rder  to s e t  p 

ze ro .  

made  different f rom z e r o ,  

20 t i m e s ,  and the  resu l t s  a r e  punched in ca rds .  

ta in  half a row. 

expected field l ines a r e  completely symmetr ica l  with respec t  t o  the 

cent ra l  l ine.  

P 

. ( in  + h e  program called X(X,5)), the program has two 
1 , J  

equal t o ,  o r  different f r o m ,  i 

is 'i F o r  the central  columns, between column 9 and 13,  

The i terat ive approximations a r e  made  

Each card  wil l  con- 

The complete row wi l l  ngt be punched because the 

A typing statement for  X( 11,  6) equivalent t o  the  center  



a l l  
X ( I ,J) =Ox) 

I -9:o 

Set values I 0 -90 
inX( I,J) 

8 X ( 2 1 , J )  
L 

1 

FIG. 5 FLOW-CHART FOR PROGRAM ( I ) 
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of the s y s t e m ,  makes vis ible ,  af ter  each  i terat ion,  the  change f rom 

the previously calculated value, and the re fo re ,  the reduction of e r r o r .  

The same program and configuration can be used for an ion beam or  

an electron beam. 

the data  obtained f rom the computer. 

The distinction can be made  in the evaluation of 

The  processed equation is :  

X ( I  - 1 , J l f X ( I +  l , J )  + X  ( 1 , J - 1 )  + X  ( I , J + l )  - RHO 
( 5) - - 

(1, J) 4 
X 

and 

but t o  sat isfy P o i s s o n ! ~  equation, it must  be: 

1 
RHO = - 

Eo p lp2  

where p and p a r e  the dimensions of the net.  In this case 
1 2 

1 - - ,- 

200 Considering equations ( 3 ) ,  (6) and ( 7 ) ,  
1 

PlP2 

E = 8.86 x 

beam 

[ V-’ A sec  cm-’1. F o r  the case  of an electron 
0 

Hence, 

(9) 
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and so :  

3 
C - J x l O  

- 3  

-3  

Thus ,  if we en ter  with the data card  the value of 10 

read  and located in A. When p # 0 ,  C will be 10 and that co r -  

responds to  a cur ren t  density of J = 1 A/cm2. 

, it will  be 

Correspondingly, a 

current  densi.ty of J = 10 mA/cm2, will be represented by a data card  

with the value of 10. 

In the c a s e  of an ion-beam these  numbers  are  different. 

Equation (9)  for  cesium atoms wi l l  have the value of: 

Thus ,  

C = . - X J  1 os ~ 5 x 1 0  5 X J  
200 i i 

This  resul t  shows that the ion current  is 500 t imes  l e s s  than an 

electron current  for  the s a m e  potential distribution. Figure 6 shows 

the obtained field l i nes ,  and Figure 7 shows the potential distribution 

of the center of the sys tem.  

This  case  corresponds t o  an  electron cur ren t  density of: 10mA/cmZ 

and an ion current  density of: 20pA/cm2. 

This is the case  of a space-charge between electrodes with 

z e r o  e lec t r ic  field close to the emission surface.  That means , that 

( c m t ' d  page 35) 
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the space charges have ze ro  initial velocity in the emi t t e r .  Thus ,  

no potential-minimum exis ts  between the electrodes ~ An increase  

of the emit ter  tempera ture  would cause an increase  of the  emitted 

cu r ren t ,  and therefore ,  this  c rea tes  a "virtual cathode" with a 

minimum potential. The i terative procedure used he re  with p = 

corresponds only to  the "4/3 law", that i s ,  only to  the zone between 

the "virtual cathode" and t h e  collector.  

$ 

(IT) The program f o r  this  case was changed, s o  that one of the  points 

w a s  held to  a constant potential. 

and it w a s  held to 5 0 . 0 ,  that i s ,  the value corresponding to  the 

1,aplace eqi.i.ation for that point. 

The point chosen was the X( 1 1 ,  6) 

F o r  the control of the successive approximations,  the point 

X( 1 1 , l O )  was chosen, that is, the point with the highest r a t e  of change. 

T o  improve the i teration and t o  es t imate  the e r r o r s ,  the num- 

be r  of i terations w a s  increased t o  50. Table 114: shows the new source  

p rogram,  the resu l t s  of the computation and the potential l ines .  They 

a l so  show the values of the point X( 1 1 ,  l o ) ,  and the differences be- 

tween the values of two consecutive i terations.  F igures  10 and l l  

show the corresponding graphs in function of the number of i terations.  

In F igure  1 0 ,  it is possible to  see that X(11 , lO)  approaches the value 

of 2 ,  and af ter  50 i terat ions it is possible to  obtain r e su l t s  with l e s s  

that 10°/o e r r o r ,  with respect  to  the end value. F igure  11 shows 

that the differences between successive i terat ions a r e  s o  small 
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af te r  50 i terations that a much bet ter  r e su l t  is obtainable only by 

increasing the number of iteratiwns tc~ 500,  1000 o r  m o r e .  

(111) Given a constant potential between emi t te r  and col lector ,  an 

increase  of the emi t te r  temperature  produces a potential minimum 

close t o  the emi t te r .  

have an initial velocity ( thermal  velocity) different f rom z e r o ,  

This can only occur when the emitted charges 

The energy of the emitted charges may have a Maxwellian- 

distribution, and thus the potentia! function between emit ter  and 

potential minimum does not, follow the "4/3 law", ( "Childs-Langmuir- 

space-charge  law" solved for  the potential) ,  considered above. 

Only under the assumption of a uniform initial velocity, is it 

possible to  make  an approximation to  the "413 l a w "  in this  zone. 

The program shown in Table IV is s imi la r  t o  the one shown 

in Part (11). 

modified. F igure  12 shows the potential l ines for  this case  and 

Figure  13 the potential distribution in the center of the sys t em.  

Here the evaluation of RHO, if  X(1,J) is negative, is 
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ENTER DATA 

x( 11 , l o )  
10 .000  

8 , 6 4 6  
7 .791  
7 .161  
6 686 
6 , 3 0 9  
5 , 9 9 9  
5 .739  
5 .516  
5 .323  
5 , 1 5 3  
5 , 0 0 3  
4 .870  
4 . 7 5 0  
4 , 6 4 3  
4 , 5 4 5  
4 .457  
4 .377  
4 . 3 0 3  
4 .236  
4 . 1 7 5  
4 .118  
4 .066  
4 , 0 1 7  
3 .973  

4 0  

TABLE ITr 
(cont ‘ d) 

c = 1 0  

X ( l l  , l o )  cont’d 
3.931 
3 .893  
3.857 
3 e 824  
3 . 7 9 4  
3 .765  
3.739 
3 . 7 1 4  
3 , 6 9 1  
3.669 
3 .649  
3 .630  
3 .613  
3 .597  
3 .581  
3 .567  
3 .554  
3 .541  
3 .530  
3.519 
3 .509  
3 .499  
3 .491  
3 .482  
3.4’75 
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x( 11, lO) 

8 . 6 4 3  
7 .781  
7 .141  
6 .651  
6 .256  
5 , 9 2 6  
5 .643  
5 .396  
5 . 1 7 7  
4 . 9 8 0  
4 , 8 0 2  
4 .641  
4 .492  
4 .356  
4 .229  
4 .111  
4 . 0 0 2  
3 .899  
3 .803  
3 .712  
3 .626  
3 .545  
3 .468  
3 .395  
3 .325  

TABLE I11 
(cont I d) 
c = 10 

D I F F E R E N C E  X( 11 , 10)cont  I d D I F F E R E N C E  

1 . 3 5 7  
0 . 8 6 2  
0 .640  
0 .490  
0 , 3 9 5  
0 , 3 3 0  
0 , 2 8 3  
0 .247  
0 .219  
0 , 1 9 7  
0 "  178  
0 .161  
0 .149  
0 .136  
0 .127  
0 , 1 1 8  
0 "  109 
0 , 1 0 3  
0 .096  
0 , 0 9 1  
0 .086  
0 , 0 8 1  
0 , 0 7 7  
0 . 0 7 3  

3 ,259  
3 , 1 9 5  
3.134 
3.076 
3.020 
2.966 
2 .914  
2.864 
2 .815  
2 .768  
2 .722  
2.678 
2 .635  
2 , 5 9 3  
2 .552  
2 .512  
2 , 4 7 3  
2 , 4 3 4  
2 .397  
2.359 
2 .323  
2.286 
2 ,250  
2 .215  

0 , 0 7 0  
0 , 0 6 6  
0 . 0 6 4  
0 .061  
0 .058  
0 .056  
0 .054  
0 .052  
0 .050  
0 .049  
0 . 0 4 7  
0 , 0 4 6  
0 . 0 4 4  
0 .043  
0 .042  
0 .041  
0 .040  
0 .  039 
0 .039  
0 .036  
0 .038  
0 .036  
0 . 0 3 7  
0 .035  
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I, 

.. 
d 
I 
H 
V x 
v 

I I  

n 
t3 
H 
v x 

v x 

CD 

N 
LA 
4 
w 

3 a: 
0 
LA 

N 

0 
f3 
0 * 



I' 
I 
I 
1 
I 
I 
I 
1 
I 
I 
I 
I 
I 
1 
I 
I 
I 
I 
I 

ENTER DATA 

10.000 
7.969 
6.613 
5.552 
4.679 
3.912 
3.196 
2.480 
1 .691 

653 
-1.759 
-1 .225 
-2 .170 
-1.505 
-2 ,212 
-2.033 
-2 .140 
-2 .302 
-2.549 
-2.728 
-2.708 
-2 .790 
-3 .008 
-2 .914 
-2 .982  
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TABLE IV (cont d) 

C = 15 

ENTER DATA (cont 'd )  

-3 .113 
-3 .138 
-3 .320 
-3 .530 
-7,816 
-4 .556 
-3 .721  

-13 .352  
-7.566 
-5 .104 
-4 .410 
-4 .405  
-4.319 
-4.499 
-4 .154  
-4.339 
-4 .357 
-4 .151 
-4 ,324 
-4 .250 
-4.296 
-4 .241  
-4 ,382 
-4 .133  
-4 .317 



E a a 
c3 
0 
E a 

-J a 
t= 
Z 
w 
I- 
O a 

0 
0 
0 



X 
1 

0 a 


